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@ Stochastic Processes

© Random Walk

e Random Walk in other viewpoints

@ Extension of one-dimensional Random Walks
© Central Limiting Theorem

@ Probability Characteristic Function
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Stochastic Processes

Stochastic Processes (FE3E)

@ System evolving non-deterministically
e evolving with probability
e Random walks (B445)

o Fundamental model of stochastic processes
o Simplest: one-dimensional lattice
Move right with p and left with 1 — p at every step

Sample Program
https://github.com/modeling-and-simulation-mc-saga/
RandomWalk
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https://github.com/modeling-and-simulation-mc-saga/RandomWalk
https://github.com/modeling-and-simulation-mc-saga/RandomWalk

Random Walk

Image of random walk
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Random Walk

Theoretical Analysis

@ Position = of a particle starting from x =0

@ At t, a particle position is z if the particle moves right
m = (t + x)/2 times.
o Note possible combination of left and right movements.

@ Binomial distribution

t @ —x
P = (L) s 0 1
2
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Random Walk
Generating Function

@ Tool for evaluating moments such as average and deviation.
@ Convert probability P(x) for = to probability Q(m) for m

P(x):x=2m—t, m€|0,t] (2.2)
Q(m):m:t;x, m € [0,1] (2.3)

@ Generating function

G(z) =) Q(m)" (2.4)
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Random Walk

General theory of Generating Functions and

Moments

G"(z) = Z m(m —1)Q(m)z™ 2 = m(m — 1)Q(m)z™?

m=2 m=0
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Random Walk

Generating Function for Binomial Distribution

G(1) = L 2.11
G'(z)=tp(zp+1—p)" 2.12)
(m) = tp (2.13)
(xy=02m—-1)=2tp—t=1t(2p—1) (2.14)
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Random Walk

G'(z)=t(t—1)p*(zp+1—p) 2 2.15
G'(1)=(m*) — (m) =t(t—1)p° 2.16
= (2*) — ()" = (4m® — dmt + t*) —
:4(<m2> m>)+4< )(1—zf)+t2 ()2

—4G"(1) +4(m) (1 —t) + t* — (2)?
=4tp* (t—1)+4tp(1—t) +t* — ¢* (4p° — dp+1)
=4tp(1—p) | (2.17)
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Approximated shape at the visinity of the mean

( — <x>>2]

202

P(zx) o< exp [—

(z)=t(2p—1)
o = 4tp (1 —p)

@ Normal distribution

@ Is this a special for this random walk?
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Random Walk
p=1/2 case

Histogram for Fundamental Case (¢ = 1000)
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Random Walk in other viewpoints

Random Walk in other viewpoints

@ Sequence of integer random variables {X;} with P(x)

P r=1
Plz)=<1-p x=-1 (3.1)
0 otherwise

@ Sum S; of the random variables

Sp =801+ Xy =) X; (3.3)
k=1

EFIMEES S aL—3 3 5H 12/27



Random Walk in other viewpoints

Random walk and sum of random numbers

@ S,: position of a walker at t =n

@ Distribution of S, is the distribution of walkers at t =n
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Extension of one-dimensional Random Walks

Extension of one-dimensional Random Walks

@ Sequence of random variables { X} obeying probability density
f(z) (z is a continuous random variable)

So =0 (4.1)

Sp =S+ X, =) X; (4.2)

k=1

@ Sum of independently and identically distributed (i.i.d) random
numbers.

@ Note that .S; is continuous.
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Extension of one-dimensional Random Walks

Example: uniform distribution

f(z) = {1 R (43)

0 otherwise

(x) = / ", fl)dz = / Y e = [%ﬁ] .

1/2 1/2 —1/2
1/2 1/2 1 1/2 1
2 2 2 3
%) = xf(x)dx:/ :Ud$:|:—$:| = —
< > —-1/2 -1/2 3 -1/2 12
1
ER— 4.4
o= (4.4)
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Extension of one-dimensional Random Walks

Sum of uniform random variables

Histogram for Uniform Case (¢ = 1000)
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Extension of one-dimensional Random Walks
Example: Exponential distribution
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Extension of one-dimensional Random Walks
Mean and standard deviation

1 1
(x) = /0 Azre *dx = /o Ae Fdx — A [xe’x](l)

-2 1
=1-——et=""C=1- (4.7)
e—1 e—1 e—1
1 1
<x2> —/ Amze_’”d:v—Q/ Ame_mdx—A[mze_’”]é
0 0
-2 2¢ — 5 3
L B L (4.8)
e—1 e—1 e—1 e—1

22y 2o 3l L e
o® = (a*) — (z) 1) 1 1P (4.9)

18/27
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Extension of one-dimensional Random Walks

Sum of uniform random variables

Histogram for Exponential Case (¢t = 1000)
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Central Limiting Theorem

Central Limiting Theorem (FR/OVMBRREIE)

e {X}}: random variables obeying an identical distribution with
the mean p and deviation o2

k=1
Sp —np
.= 2
5= 52)

lim P(S;, < a”) \/_/ exp [——} dz  (5.3)

@ In the limit n — oo, S} obeys the standard normal distribution
N(0,1)
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Probability Characteristic Function

Probability Characteristic Function (4514 E%%)

e Continuous probability density f(x) defined in [a,b)

60 = [ s (6.1)
G(0) = /  Ha)d = 1 (6.2)
&t) = / ot ()t da (6.3)
G0) =i / e f () = i (2) (6.4)
G(t) = — / 2 (o) da (6.5)
G"(0) = — /abef(:v)dx = —(2?) (6.6)
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Probability Characteristic Function
Mean and standard deviation

(x) = —iG'(0)
< 2> _ _G//(O) .
o? = —G"(0) + G'(0)? (6.9)
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Probability Characteristic Function
Example: uniform

f(:v)z{1 TsST<3 (6.10)

0 otherwise

/2 1 . 1/2
G(t) :/ edr = {_—em}

1/2 it ~1/2

_ l (eit/2 - e—z’t/2) _ 2sin (%)

1t t

2(t 1/t\° 1 /t\°
=== = — (= 7

AEHORORE)
—1-ter Lo (%) (6.11)

24 5124 '
G(0) =1 (6.12)
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Probability Characteristic Function

G'(t) = —1—1215 + %ti" +0 (¢°) (6.13)
G'(0) =0 (6.14)
@)= 15+ %ﬁ Lot (6.15)
@) = — (6.16)
() = 0 (6.17)

(a) = = (6.18)

o’ = % (6.19)
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Probability Characteristic Function
Example: Exponential

=Ae”*, A= 2
f(z) e ", o (6.20)
! . A . 1 A .
— —z itz _ (it—=1)z]+ _ it—1
G(t) /0 Ae e dx =1 I 1, ] (e 1)
6.21)
G(O):—A(e_l—l)——eile_l(l—e)zl (6.22)
iy A it—1 A
(t)= (it — 1) ( D+ it — 1 (6.23)
G'(0)=—iA(e' —1) —ide " =i—i 11
c_

:@'(1—6;) (6.24)
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Probability Characteristic Function

24 . 24, A
Q') = — it—1 _ 1) + it—1 _ : ezt—l
(6.25)
G'0)=24(e'—1) +24e "+ Ae' = —2+3 (6.26)

e —
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Probability Characteristic Function

1
<:E):—Z><z(1—€_1): R
9 1
<x>:2—36_1
o?=n 31 —-(1-— ! )2
e—1 e—1
2 1
:2_6—1_1+6—1_(6—1)2
1 1 B e
R R PR (e—1)2

EFIMLE> T alL—>a U 45H

(6.27)

(6.28)

(6.29)

27/27



	Stochastic Processes
	Random Walk
	Random Walk in other viewpoints
	Extension of one-dimensional Random Walks
	Central Limiting Theorem
	Probability Characteristic Function

