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Random numbers and simulations

Random numbers (BLZK)

@ Sequences of randomly generated numbers
@ Examples: Sequences of numbers generated by a dice

o Random sequences of numbers: The next number is not
predictable.
o Frequencies of appearance of a number are uniform.

EFIMEES T2l -0 a5 3/35



Random numbers and simulations

Stochastic processes (FEZR

@ An event E will happen with probability p
o Events does not happen deterministically.
@ Reasons for unpredictable events

o Unpredictable external effects

o Unpredictable internal factors
o Essential stochastic factors

o thermal effects
@ quantum effects
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Random numbers and simulations

What probatility p means

@ Run sufficiently large number N of trials
@ The number Ng of an event E

N ~Pp (1.1)

The law of large number.
@ Example: the probability p = 1/6 for each roll of a dice.

e Throwing a dice sufficiently large number N times.
e The number of roll 1 happening tends to N/6
o What "tend to” means?
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Histograms

Histograms for simple cases

@ Histograms: Frequencies or relative frequencies of an event

@ Example: counting the appearances of each roll of a dice.

N; (i = {1,2,3,4,5,6})

[§
N=>"N,
=1
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Histograms

Histograms for cases of huge variety of events

e Example: integer random numbers in [0, N — 1]
o If N =23 ~2x10°
e How many times each integer happens?
o What we can know from frequencies?
@ Frequencies themselves are meaningless for continuous random
variables.
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Histograms

Using bins: Example for r € [0, 1)

@ Divide the section into M equal-length subsections, which are
called bins.

@ Count the number of occurrences in each bin

@ The number of occurrences in each bin must be large.
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Histograms

Deciding the subsection of a occurrence

@ How to know the bin containing r.
@ w: the length of a bin
@ k-th bin contains r!
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Histograms

Example 2.1: Generalization

e Dividing a section [a, b) into M equal-length subsections.
@ How to know the bin containing r

e Example

o Divide a section [—0.1,.9) into 5 subsections.
o Which subsection contains a element of
{-0.02,0.04,0.22,0.57}?
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Means and standard deviations

Ideal uniform numers in [0, 1)

@ N: the number of random numbers
@ M: the number of subsections (bins)

@ The probability p = 1/M which a bin contains a generated
random number.

@ A bin contains k occurrences.

P(k) = (],X) pra—p)t (3.1)
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Means and standard deviations
Binomial coefficient

@ Binomial expansion

(a+b)~ f: ( ) a" Nk (3.2)

@ Binomial coefficient
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Means and standard deviations
The mean and standard deviation

Deriving the mean using probability.

k=0
:Z( i N)'k),pp f1-p)™t
- Z_;e —1—6)!“1_)“[
= Nplp+(1—p)]"~" = Np
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Means and standard deviations
The mean and standard deviation

;NN—lN 2! 5 s N
:; (2-2)!)(5\[—16))]9]9 (1-p" "
= N(N —1)p*

Tedious! Need more efficient methods!!
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Means and standard deviations

Probability generating function (FEZREIE)
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Means and standard deviations

I
WE

G"(z) k(k —1)P(k)z"
k=2
G'(1) =Y k(k—=1)P(k)=>_ k(k—1)P(k) = (k(k — 1))

@ We can obtain an average and a squared average, if we know the
concrete form of G(z).
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Means and standard deviations

G(z) for binomial distribution
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Means and standard deviations

@ Important points
o (k) ~ N
o o/ (k) ~N—1/2
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Continuous random variables

Continuous random variables

@ If random variables are real numbers

o We can not define the probability that a variable takes some
specific real number value.

e Consider a real-valued random variable X € [a,b)
@ We can define the probability for cases such as a < X <x <b

Fz)=Pla< X <) (4.1)

e F(x) is called probability distribution.
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Continuous random variables
Probability density

@ Probability X in a short subsection: X € [z,z + Ax)

flz)Az = d—FAx (4.2)

/ 1y (4.3)

e f(x): probability density
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Pseudo random numbers

Pseudo random number generators

@ Pseudo random numbers (£E{LIELER)

e Sequences of numbers generated by algorithms
o You can generate the same sequences any times.

@ AbstractRandom class

e java.util.Random class inside
o Generate next random getNext ()

@ Methods for generating non-uniform random numbers

o Transform method (Z##%): Transform class
o Rejection method (3#0E): Rejection class
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Pseudo random numbers

Transform Method (Z#2K)

@ Probability density f(x) (z € [a,b)) and probability distribution

F x
ﬁxm>::%/" f(2)dz (5.1)
@ Transform method is available if the inverse of F'(z) is obtained.
@ Process
o Generate a random number r € [0, 1).
o x=F"(r)

o {z} distribute with f(z)

22/35
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Pseudo random numbers

Example: Exponential distribution
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Pseudo random numbers

Rejection Method (FEHE)

@ Probability density f(x) defined in [a,b).
@ Generate a random number pair (x,y) € [a,b) x [0, m).
o m> f(x),Vz € [a,b)
e Probability entering [z;, z; + Ax] is proportional to f(z)Ax.

m

VAN

px)
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Classes for generating random numbers

Classes for generating random numbers

@ randomNumbers package
o AbstractRandom. java
o Transform. java
e Rejection.java
@ Using java.util.Function.DoubleFunction
o Define the inverse of F'(x) for the Transform method.
o Define f(x) for the Rejection method.
e Using lambda expressions
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Classes for generating random numbers

Example of Transform method: exponential

distribution

/ABBRHICKIG L TR HMEAROYENZ E&

// A * exp (-z)

double A = Math.E / (Math.E - 1);

DoubleFunction<Double> invProDist = (x) -> {
return -Math.log(l - x / A);

};
//BEBEICE DEABERD A VX Z VR

AbstractRandom aRandom = new Transform(invProDist);

0~ O Uk WN =
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Classes for generating random numbers

Exponential

050 02 0.4 0.6 0.8 10
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Classes for generating random numbers

Example of Rejection Method: Square of Cosine
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Probability and Law of Large Numbers

Law of Large Numbers (KZDERI)

@ What does it mean that the probability of getting 1 on a dice is
1/6?
o Consider the relative frequency of getting 1 on a dice.
o It approaches 1/6 with a large number of trials.
@ Law of Large Numbers

@ Let us take a closer look of this phenomenon.
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Probability and Law of Large Numbers

Sample mean

@ Consider a probabilistic variable X with the mean p and
deviation 0.
@ Sample mean with size n.

i
L

X = X, (7.1)

0

SRS
i

e Evaluate the population mean and deviation of X.
o Evaluate the mean and deviation of X with the probability of
the population (BH5EH]).
e Equivalent to the mean of a large number of samples.

30/35

EFIMLE> T alL—>a U 45H



Probability and Law of Large Numbers

Population mean of sample means

The mean equals to the population mean pu.

= p (7.2)
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Probability and Law of Large Numbers

Population deviation of sample means

The deviation reduces with n=!.

k i#]

= %E (Z (X — M)2> + %E (Z (Xi — ) (X5 — ,u))
k i#£]

= %naQ = %2 (7.3)
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Probability and Law of Large Numbers

Confirm the law of large numbers by simulations

@ Generate samples of size n.
@ Instead evaluating the mean using the population distribution

o Generate a large number m of samples with the same size.
o Evaluate the mean and deviation for samples

@ Changing n and observe n dependence.
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Probability and Law of Large Numbers

Example : uniform

1 —i<e<d
_ 2 ST 3 7.4
/(@) {O otherwise (7.4)
1/2 1/2 1 1/2
(x) = / zf(x)dr = / rdr = {—xQ} =0 (7.5)
~1/2 ~1/2 2 ]
1/2 1/2 1 1/2 1
(%) = 22 f(z)de = / ridr = {—x?’] =— (7.6)
—-1/2 —-1/2 3 —1/2 12
1
2 /o2\ _ L
o° = <3: > (x) 17 (7.7)
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Probability and Law of Large Numbers

Law of large numbers

0.004
e simulation

0.002 ° . — theory

0.000 - - .
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e simulation
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6
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n

m = 1000 for each sample size.
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