Differential Equations: Interacting Oscillators
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@ Coupled Harmonic Oscillators

© Decomposing into normal modes

© Kuramoto Model
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Equation of motion in Hamilton form

Harmonic oscillator

@ Ordinary expression
d’z

e Hamiltonian (energy): p = mwv: momentum
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Equation of motion in Hamilton form

T PR P (14)
dv
ma —kx
de. O0H p
dx B
dt ¥
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Coupled Harmonic Oscillators

Coupled Harmonic Oscillators: Model

@ Connecting n particles of mass m with springs of natural length
b.
e x;: position of i-th particle
o y; = x; — (i + 1)b: displacement from resting position of i-th
particle

T

Zo 1 T2 Tp—2 Tp—1
fmmmwmo - olle

EFIMMLES S aL—> 3 U5EH 5/22



Coupled Harmonic Oscillators

Three particles: Potential energy

Zo x1 T2
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Potential energy for each spring

kya
— th
5 0
k(yl yo)2 1st
2
k(ya — 1) 2
5 2nd Z — i) +y§
2 i—1
% 3rd (2.1)
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Coupled Harmonic Oscillators

Three particles: Equation of motion

{2
d2
m—t = —k (290 — 1) (2.3)
d2
mFle = —k (—yo + 2y1 — y2) (24)
d2
m dtyj = —k (—y1 + 2y) (2.5)

Three variables y; are linearly coupled.
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Coupled Harmonic Oscillators

Numerical solutions

/m =1, (@(0). v(0)) = ((1,0), (2,0). (~1,0)),b=10
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Do motions of particles look complicated?
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Decomposing into normal modes

Equation of motion in matrix form

qz (Yo 2 -1 0 Yo
Y2 0 -1 2 Y2

@ \: eigen values of M
@ U): eigen vector belonging to A
Mv, = \v), (3.2)
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Decomposing into normal modes

Eigen values of M
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Decomposing into normal modes
Orthnormal eigen vectors of M

Ao =2

0 -1 0 Yo 0 1
2
-1 0 =1]lw]=1o0 :>170_§O
0 -1 0 s 0 —1
(3.6)
Ay =242
:F\/E —1 0 Yo 0 1 1
-1 #V2 -1 | fp | = (0] = =g (FV2
0 -1 F2/ \» 0 1
(3.7)
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Decomposing into normal modes

Solutions with eigen vectors

Express 4/ in linear combination of eigen vectors. Coefficients z, are
functions of ¢.

Yo
y1 | = 240 + 20U + 10— (3.8)
Yo
Yo
Zy = 17) . U1 (39)
Y2
V2
20 = T(yo — ) (3.10)
1
Zy = B <Z/0 F \/§y1 + y2> (3.11)
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Decomposing into normal modes

Equation of motion with eiven vectors

e LHS
d2 Yo d2
m@ U1 = m@ (Z+U+ + 2oV + Z_U_>
Y2
d?z, d%z N d?z_
=m U m Ug+m U_
a2t ez’ d?
e RHS
Yo
—kM |y | = —kM (2,0 + 2000 + 2_0_)
Y2

= —k (Ap2:U4 + Xozoto + A_z_7_)
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Decomposing into normal modes

Equation of motion for each mode

@ harmonic oscillator with wy = \/kA/m

d?z
m?; = —kAz)

@ oscillators with three different angular velocity

d?z
mFQO = —2I€ZO
d?z
m?;: = _k(Z + \/§)zi
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Decomposing into normal modes

Motions of eigen modes

Normal modes

35

L VAVAVAVAVAVEVAVAVAV]

25 %(yn*ﬁynfm)«’vdz:@*ﬁ)%
=20 B R 3 R B R -

15 %(y0+\/§y1—y2).w2:(2—\/§)%

UV NV VA VAV

5 @(yu*!h)vwz:2%

N 5 10 15 20 25 30 35

EFIMEL S S aL—0 a8 15/22



Decomposing into normal modes

Solutions with eigen modes

1
Yo = §<Z++\/_Zo+z>
V2
= —7(Z+ —z)
1
Yo = 3 <z+ — \/§zo—i—z_>
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Decomposing into normal modes

Constructor in Java code

1 equation = (double xx, double[] yy) -> {

2 double dy[] = new double[2 * numOscillators];
3 //0-th particle

4 {

5 int i = 0O;

6 int j = 2 % i;

7 dy[j] = yylj + 11;

8 N dyl[j + 1] = -k * (2 * yy[j] - yy[j + 21);
9

10 //particles between 1st to n-2-th

11 for (int i = 1; i < numOscillators - 1; i++) {
12 int j = 2 * i;

13 dy[jl = yyl[j + 11;

14 N dyl[j + 1] = -k * (-yy[j - 2] + 2 * yy[j] - yy[j + 21);
15

16 //n-1-th particle

17

18 int i = numOscillators - 1;

19 int j = 2 % i;

20 dyljl = yy[j + 11;

21 dyl[j + 11 = -k = (-yy[j - 2] + 2 % yy[j1);
22 }

23 return dy;

24 };
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Kuramoto Model

Synchronization

o fire flies
https://www.youtube.com/watch?v=WMIXp8H8364
@ metronomes
https://www.youtube.com/watch?v=JWToUATLGzs
@ pendulum clocks
Found occasionally by Christiaan Huygens in 1665
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https://www.youtube.com/watch?v=WMIXp8H8364
https://www.youtube.com/watch?v=JWToUATLGzs

Kuramoto Model

Kuramoto Model

@ Fundamental model for synchronization.

@ N oscillators interact through their phase differences.

do; k :
g v + N Zj:sm (0, —6;) (4.1)
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Kuramoto Model

Description in Kuramoto. java

equation = (double tt, double yy[]) -> {
double dy[] = new doublel[n];
for (int i = 0; i < nj; i++) {
dy[i] = omegalil;
for (int j = 0; j < n; j++) {
dyl[i] += (k / n) * Math.sin(yy[j]l - yy[il);

}

return dy;

O WUk WNH

=

};
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Kuramoto Model

Three oscillators

@ Not Synchronize with k£ =0
@ Synchronize with &k =5
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Kuramoto Model

Order Parameter
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