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Tw>afI>F— kI k> Pushdown automata

TyoadooFr—rI b2

Pushdown automata

o T—FLEDBIT. ARV I DXFZFHEL: Reading stack
symbols along with tape symbols

o KEBR TR ELBIC. AFYIANFIHZEFTIAL: Writing
strings to the stack along with state transitions

0 ARV I WHIFHEBERICASIHRXED ZHOEH: A

machine with a special infinite memory called a stack
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Tw>afI>F— kI k> Pushdown automata

Tyoad o F— I MDA A=D

Image of a pushdown automaton
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Tw>afI>F— kI k> Pushdown automata

AW stacks

o UXrDESH 1RITDT—42F: A one-dimensional data
sequence like a list

o FHAICE < (push) Tk &. FEEEDSFHE (pop) C L TEITHEFT
f1%: Only writing (push) and reading (pop) from the top are
allowed

o FEELANDT—R AN Other data except at the top
cannot be touched

o FILO (First-In Last-Out)

o pop: ZLEEZEIDH L THE. 2D, ZBEOERIZXARZRYID
S5 75 C EIZEE: Pick up and read the top element, i.e.,
the top element is removed from the stack

3 ol Rl Nl S
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Tw>afI>F— kI k> Pushdown automata

push(a) - a | pop() —

C C C
a a a
C C C
b b b
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Tw>afI>F— kI k> Pushdown automata

Stack: Python TR

o deque ZFJA: Use deque
o append (): RIRICEZRZIENM: Add an element at the end
o pop(): RIEBODEZRZEDH L. HIFR: Pick up and remove the

last element
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0 O Uk W

TyoadIorF—hk : Pushdown automata

Stack 7 5 AEH

from collections import deque
from typing import TypeVar, Generic
T = TypeVar('T')
class Stack(Generic[T]):
nmmnn
ARYIDT

nwon

def __init__(self):#AVAFZU4
self.elements:deque[T] = deque()
def is_empty(self) —-> bool:#BIREMEWVL F True
return len(self.elements) ==
def push(self,e:T) -> None:#ZEZ&RZ%ZIEN
self.elements.append(e)
def pop(self) -> T:#REDEZRZHWO T, ERIFHIRIND
return self.elements.pop()
def peek(self) -> T:#REDERZIFAND
return self.elements[-1]
def size(self) -> int:#BEHEERT
return len(self.elements)
def __str__(self) -> str:#XF5L
s =
for x in self.elements:
s += str(x)+',"
s = s.removesuffix(',"')
s += ']
return s
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Tw>afI>F— kI k> Pushdown automata

Stack 7 = X F A

myStack = Stack[str] ()
myStack.push('a')
myStack.push('b")
myStack.push('b")
print (myStack)

myStack.pop()
myStack.pop()
print (myStack)

© 003Uk WN =

https://github.com/discrete-math-saga/PDA
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https://github.com/discrete-math-saga/PDA

REMT v a4 >A— T b2 Deterministic PDA

REMT v adoF—bI b

Deterministic Pushdown Automata

M = <Q727F767 QO7ZO7F> (21)

Q: NEPIREEDE S Set of internal states
Y. T—=7FDFTILT 7AW bk Alphabet of the tape
[ ARy ITDFTILT 7Ry b Alphabet of the stack
§:Qx Y xT — Q xTI'*: BB Transition function
o FE: RRAYIUNDS 1 XFiiH. XFHNEEFTAD
g € Q: FIRIKRE: Initial state
Zoel': AA Yy I DEDES: Symbol at the bottom of the
stack
o FFCQ: #IREEDES: Set of final states
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REMT v a4 >A— T b2 Deterministic PDA

5 2.1

Q= {0, 0, ¢}, F={¢},
> = {a,b}, I ={A,27}.

5(Q0737Z) = (QO7AZ)? 6(Q0737A) = (QO7A)7 5(Q07 va) = (QO76)7
5(Q1>b7A):(Q1>€)> 5((]1767Z):(C]2,€)-

a,Z|AZ
a,A/AA b,A/e

H@ b,A/e ,& €7 /€ @

ERS (g1, 6, Z) IFRENEETHB ZLITER, RAVIXFD Z DLEDH,

B - A— hT Y 11/36




REMT v a4 >A— T b2 Deterministic PDA

;E: (Q, X, ") DE(L

(qo, aaabbb, Z) I (qo, aabbb, AZ) aZFHATWBREIEWICEES
- (qo, abbb, AAZ)

- (qo, bbb, AAAZ) bZEFRL L ANER

- (q1, bb, AAZ)
= (a1,
= (
= (

G, ) XY I TEpNER
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REMT v a4 >A— T b2 Deterministic PDA

aabb ICX 9 2 E1F
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REMT v a4 >A— T b2 Deterministic PDA

ERM: a CbDBHNELRD

(qo, aaabb, X) - (go, aabb, AZ)
o, abb, AAZ)

= (
= (
- (go, bb, AAAZ)
= (a1,
= (
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REMT v a4 >A— T b2 Deterministic PDA

¥ ={a,b,c,d},
6 (g0, 2, Z) = (90, AZ),
0 (q0,a, A) = (qo, A4),
6 (90,2, B) = (g0, AB)
0 (g0, ¢, A) = (qu,€),
6 (q0,d, A) = (g2, €),
6 (q1,¢,A) = (q1,¢€),
0 (g2,d, A) = (g2, €),
0 (q1,€,2) = (g3, €) ,

I ={A, B, 2}
6 (g0, b, Z) = (90, BZ),
4 (qo, b, A) = (qo0, BA),
6 (g0, b, B) = (q0. BB),
5(%hdrB):<QD€%
0 (qo,¢, B) = (q2,€) ,
6 (q1,d, B) = (q1,¢€),
6 (q2,¢, B) = (g2, €)
0 (qa, €, Z) = (g3, €)

ERS (g1, 6, Z) IFRENEETHB ZLITER, RAVIXFD Z DLEDH,

B - A — PRy
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REMT v a4 >A— T b2 Deterministic PDA

a,Z/AZ
b,Z/BZ
a,A/AA
b,A/BA
a,B/AB c,Ale
b,B/BB d,B/e

c,Afe

d,B/e
qo0 / - q1

d,Afe
c,B/e
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REMT v a4 >A— T b2 Deterministic PDA

F{Ef:abaaccdc

(qo, abaaddcd, Z) F (qo, baaddcd, AZ)
 (qo, aaddcd, BAZ)
F (qo, addcd, ABAZ)
F (qo,ddcd, AABAZ)
F (ge,dcd, ABAZ)

F (qo,cd, BAZ)

- (Q2,d AZ)

= (
= (

2, €, Z)
a3, )
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REMT v a4 >A— T b2 Deterministic PDA

F{Ef:ababdcdc

(qo, ababdcdc, Z) F (qo, babdedc, AZ)
 (qo, abdcdc, BAZ)
F (qo, bdedc, ABAZ)
F (qo,dcdc, BABAZ)
F (q1,cdc, ABAZ)

F (q1,dc, BAZ)

- (ql,c AZ)

= (
= (

Q¢ 7Z)
a3, )
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PDA ¢ RIEEFE:

PDA and Their Accepted Languages

il 2.1

3 ol Rl Nl S

ZIEEEE: Accepted Languages

a,Z|AZ
a,A/AA b,A/e

H& b,A/e ,& €7 /€ @
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PDA £ ZIEE3E: PDA and Their Accepted Languages

0o ANERRYIBEICE ST-EIC, RIREICESH ?: Stop
automata the final state when the input and stack are empty?
o Bl21: L ={aibli € N}

o aDE XA Y UNXF A TEEER: Record the number of a's with
stack symbols A

o T—7EDbEARY U LD AZEBE: Match b's on the tape
with A's on the stack

o FATRZETELVES EROKD D T#u #5HR: FA
cannot accept languages that record the number of a’s
o B 22 DFIEEFEIL?: The accepted language of Example 2.27
o BI31: L= {wcwR|w €(a+ b)*}
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PDA Y 3I2E:E: PDA and Their Accepted Languages

5 3.1

aZ/AZ b.Z)BZ
a,A/AA a,B/BA a,Afe
b,A/BA bB/BB  b,B/e

/O\ ¢ A/A
c,B/B
;kq.y >
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PDA £ ZIEE3E: PDA and Their Accepted Languages

Q:{CIO,C]1>C]2}, F= {CJ2}>

¥ ={a,b,c}, I'={A B, Z}.
6 (q0,a,2) = (q0, AZ), 6(qo,a,A) = (g0, AA), 6(qo,a, B) = (qo,AB),
6 (qo,b, Z) = (g0, BZ), 6(qo,b,A) = (g0, BA), 6 (qo,b,B) = (g0, BB),
6 (q0,¢, A) =(q1,4),  d(q,¢c B)=(q1,B),
6 (q1,2,4) = (qu,¢€), 5(Q17b B) = (q1,¢), 6 (q1,6 2) = (q2,€).
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PDA Y 3I2E:E: PDA and Their Accepted Languages

BN 1ER

(qo, abaacaaba, Z) F (qo, baacaaba, AZ)

t (qo, aacaaba, BAZ)

 (qo, acaaba, ABAZ)
F (qo, caaba, AABAZ)
F (q1,aaba, AABAZ)
F (q1,aba, ABAZ)
- (q1,ba, BAZ)
F(qr,a,AZ)
= (g1, 2)
= (g2,€ )
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PDA Y 3I2E:E: PDA and Their Accepted Languages

B1ERAA

(qo, abaaaaba, Z) - (qo, baaaaba, AZ)
F (qo, @aaaaba, BAZ)
t (qo, aaaba, ABAZ)

F (qo, aaba, AABAZ)

F (qo,aba, AAABAZ)

F (qo,ba, AAAABAZ)
- (go,a, BAAAABAZ)
- (qo, ¢, ABAAAABAZ)
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FEREMT v > a4 >F— T k> Nondeterministic PDA

FREET v ad o F—bI LY

Non-deterministic PDA

M = <Q727F767 QO7ZO7F> (41)

Q: NEPIRREDE S Set of internal states

Y T—=FDFTILT 7AW b Alphabet of the tape

I ARy TIDFTILT 7R bk Alphabet of the stack
§:Q x X x T — 201" BIEEAEL: Transition function
qo € Q: FAERIKRE: Initial state

Zyel: ARy U DEMDEES: Symbol at the bottom of the
stack

o FCQ: #IREEMES: Set of final states
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FEREMT v > a4 >F— T k> Nondeterministic PDA

5 4.1

aZ/AZ bZ/BZ Al
a,A/AA a,B/AB b,B/e
b,A/BA b,B/BB

@ a,Afe G €,7 /¢

b,B/e
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FEREMT v > a4 >F— T k> Nondeterministic PDA

Q = {QO,C]h(h}a
Y. ={a,b,c},
= {(q0,AZ)}

B - A — PRy

F={¢},

= {A B, 2}
6 (qo,a, A) = {(q0, AA), (q1,€)}
¢ (q0,b,Z) = {(q0, BZ)}
6 (qo, b, B) = {(q0, BB) , (q1,€)}
6 (q1,b, B) = {(q1,€)}
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FEREMT v > a4 >F— T k> Nondeterministic PDA

BE (RIEEL7=A)

(qo, abaaaaba, Z) - (qo, baaaaba, AZ)
t (qo,aaaaba, BAZ)
t (qo, aaaba, ABAZ)
F (qo,aaba, AABAZ)
- (q1,aba, ABAZ)

F (q1,ba, BAZ)
F(q1.a,AZ)

F(q, € 2)

F (e )
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FEREMT v > a4 >F— T k> Nondeterministic PDA

5 4.2

aZ/AZ bZ/BZ 4B/
a,A/AA a,B/AB b,A/e
b,A/BA b,B/BB

@ a,B/e G AL

b,A/e
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FEREMT v > a4 >F— T k> Nondeterministic PDA

Q:{QO,CH}, F:{QI};

¥ ={a,b,c}, I'={A B, 7Z}.
d(q0,2,Z) = {(q0, AZ)} 6 (q0,2, 4) = {(q0, AA)}
¢ (q0,2,B) = {(0, AB) , (q1,€)} 6 (q0,b, Z) = {(q0, BZ)}
¢ (q0,b, A) = {(q0, BA) , (q1,€)} 6 (g0, b, B) = {(q0, BB)}
6 (q1,a,B) = {(q1,€)} 6 (q1,b,4) ={(q1,€)}
6 (q1.€6,2) = {(g2:€)}
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FEREMT v > a4 >F— T k> Nondeterministic PDA

BE (RIEEL7=A)

(qo, abaabbab, Z) - (qo, baabbab, AZ)
(o, aabbab, BAZ)
o, abbab, ABAZ)
qo, bbab, AABAZ)

qi1, bab, ABAZ)

o~ o~ o~ o~ o~ o~ o~ o~ o~
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FEREMT v > a4 >F— T k> Nondeterministic PDA

o B4l L= {wwR\w €(a+ b)*}

o EE: iIDIRLDXF c IFFRE: The folding character c is not
necessary

o ffl42: wlIZHEWTak bZANBERIXFHZZIE: Accept

strings with a and b swapped in w’

B - A— hT Y 32/36



FEREMT v > a4 >F— T k> Nondeterministic PDA

PDA DZIEEFE: Accepted Languages of PDA

o PDA DFIEEFEIF. ERRIWTIIRE L) PDA's accepted
languages cannot be expressed by regular expressions
o HIFLBFONFHNEL. Az REREIIERKRETIIXR
B 7LV The number of characters in the first and second halves
are the same, the second half is the reversed string of the first,
etc. cannot be expressed by regular expressions
o Loy ={0"1"n € N} IFERRHTRELG L. REMHE: Lo
cannot be expressed by regular expressions: Pumping lemma
o ARV I ZES LT, MI¥DXFINZRZABILHNTES:
Using a stack, you can remember the first half of the string
o REICHIPRAL: No limit on length
o BIREAMDOREIZIZIZAZ Y IDWE: A stack is required for

implementing recursive functions
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FEREMT v > a4 >F— T k> Nondeterministic PDA

EIXDESIXEREFBTIEELY:

A set of palindromes is not a regular language

e 0 1 W 5HBEINLE LHMNERSETH S LIRE: Assume
that the entire set of palindromes L consisting of 0's and 1's is a
regular language

o REMAEICIENS nICH LT, w=1ayz =0"1"1"0"%EE X 3:
Consider w = zyz = 0"1™1™0" for n appearing in the pumping
lemma

o [ry| <nd&D. y=0"1<k<n)
2’z =2z =0""F1"1"0" € L
o LIFIEMSETIXARLY: L is not a regular language
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FEREMT v > a4 >F— T k> Nondeterministic PDA

[B]3 (palindrome) 232§ % Python J1— F: BlR

def palindrome(inputStr:str) -> bool:
if len(inputStr) <= 1:
return True
if inputStr([0] != inputStr[-1]:
return False
return palindrome(inputStr[1:-1])

O Ul W N
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FEREMT v > a4 >F— T k> Nondeterministic PDA

[B]3Z (palindrome) ¥ 9 % Python J— K: 3F

BF

1 def palindrome2(inputStr:str) -> bool:
2 myStack:Stack[str] = Stack()

3 n = len(inputStr)

4 m=mn//2

5 for i in range(m):#mi¥Z XX v IICRL
6 myStack.push(inputStr[i])

7 if n % 2 !'=0:#ANDRIHEFBDEE
8 m += 1

9 for j in range(m,n):#&F L HRE

10 ¢ = myStack.pop()

11 if ¢ !'= inputStr[j]:

12 return False

13 return True

B - A — PRy
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