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RISRIRMEE: Shortest Paths

RIS AR EIRE: Shortest Paths

o Bl%w kJ—%: directed network

o FZiLICEERE - AR b (IEEDEE): positive distance or cost on
each edge

o MENSRAEFTORIEEMRIEZ RDITS: find the shortest

directed path from the origin to the destination
o BDMEIMNESHTE:
o EEEE «- X FZR/IMELT BEAEHE RELRHIE:

combinatorial optimization problem for minimizing the sum of
distances or costs
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RIGRRBERIRA: Shortest Paths

ITARTOLDEEREDE Lime

BELAERRT TS

@ Breadth First Search works well if all edges have the same
distance

Ug L >(U1) ! >(Ua)
1 ].T {

1
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RIGRRBERIRA: Shortest Paths

WORIWIESIESBIZT: If lengths of edges

are different
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RIGRRBERIRA: Shortest Paths

TRIBFCIEER TIIERS: Breadth First Search gives

wrong answer

0 vy NDREBEM vy — vy — v, ETRD ., EEREDS
o LM L. B v — vy — v3 = vy DIFSHEEEE 4
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Dijkstra &

Dijkstra 7&: Z#X: variables

p(v) : WMEDSTER v NDEER#: distance from the origin to
vertex v

qv) : MEDSTER v ADIERD. v D—DRIDIER: the
previous vertex of v on the path from the origin

I(e) : 3B eDERE: length of edge e
U : BRD S OEMMRICOD ST THRDES: set of

vertices whose distance from the origin is calculated

W REH S DEMAEE LI-TEROESR: set of vertices

whose distance from the origin is determined
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Dijkstrai&: #JHAML: Initialization

U = {vo} (2.1)
W=0 (2.2)
p(vo) =0 (2.3)
p(u) = +oo (Vu €V \ {w}) (2.4)
q(v) =NULL (Vv eV) (2.5)
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Dijkstrai&: 77JLJ1) X Ls: Algorithm

Algorithm 1 Dijkstra 7%: Dijkstra's Algorithm
while U # () do
w=UDEEDS5p(w)'&NDER > Find the minimum element in U
for all e € 6w do
r=0"e > w DBHETES: adjacent vertex of w
if p(z) > p(w) + I(e) then > e ZESTIEF S HAEERE: If e gives shorter path
q(z) « w
p(e) < plw) +1(e)
end if
if z ¢ U then
U IZ x ZE8m >Add z to U
end if
end for
w & W NEM Add w to W
end while
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Dijkstra &

1 1 .
3
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BBWESIZUICBTS

The yellow vertices belong to U
ERE< DFVEFIE p(v)
The blue numbers near the vertices express p(v)
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0 >
Vo
1
3
1

FOWERIE W ICEY S
The red vertices belong to W
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Dijkstra &

v; DEEREDEEICE o fc

The distance of v3 has been updated.
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Dijkstra &

v, DEEREDEEICE T

The distance of v, has been updated.
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5l 2.1: #558: Result
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Dijkstra &

fll 2.1: F&&: Summary

w U p q

0 {vo} pEv(); =0 —
p(vr) =2 q\v1) = Yo
{UO} {01702} p(%) =1 C](U2) = o
{U07U2} {U17U3} pg%% =4 qgvzag = U2
p(vg) =3 q(v3) = vy
tro v} vl ) 5 | go) —u
{vo, v1, V9, 3} {v4} p(vg) =4 q(vy) = v3

{U07vlav2av3av4} )

FRXFEIE. ZEEFR: The red letters show the updated values.
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Dijkstra &

%74 U P q
0 {UO} p(vo) =0
p(v1) =2 | q(v1) = o
{vo} {vi,va, 03} | p(v2) =1 | q(v2) = vo
p(vs) =3 | q(vs) = v
{wo, v2} {v1,v3} plus) =2 | q(vg) = vs
ot |t | OS2 | G0 2
{U07U1,Uz,1)3} {U4,U5}
{UO;U17U27U37U4} {Us}
{7107711,?}2,113,1)4,’05} 0
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il 2.3 : #ER
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Dijkstra &M IE X%

SIFBABIEE: Qutline of Proof

*ﬁLl lenma ]-Euﬁ\tis ﬁul. \7..7 b@ﬂﬁﬁﬁh‘ﬁ_b\mﬁtu w ‘t—A%o iru.s
WICA-ILIERDEEREZ BT 5 C & IXB L
The vertices are added to W in the order of the distance
from the origin. The distance of the vertices in W is not

updated.
f@RE 2:lenma U RV W ICEBTBIERICIE. BBREDSDREHHD.
ZORRATRETHS

The vertices in U and W have the shortest path from the
origin at every update time.
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Dijkstra &M IE X%

A 1

o Dijkstra iEDRITICHE>T. THEM vps v von ... EWSIEIC
%AW ISBIMEN3 9 3. BRI, 71:0)*‘/ kDO—2oD
: \\%—C’clll\ e ‘t—/I?x
Assume that the vertices are added to W in the order of vy, vy,
v, . ... Note that the names of the vertices are not the original
vertex names.

0 <p(vo) < plvy) <--- <plwi) <--- (3.1)

o DED WICI. BBEEDNTVERASIRICEMENTUL,
oT WICA-FKIER v ICHT B p(v) RO SEH NS
R 7~ AN
The vertices are added to W in the order of the distance from
the origin. Therefore, p(v) is not updated after v is added to W
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A 1HELWVC E: Proof of Lemma 1

o Dijkstra FEDORITHIC. UTHBICHDIIDZ & %ZRTY: Show
that the following is always true during the execution of
Dijkstra's algorithm

o WDERTHIERNDERIZ. W OERTHVMERDIER
ANDEEBEL D RKF VI LIEALY: The distance to the vertices in
W is not greater than the distance to any vertices not in W

max {p(u) |u € W} <min{p(u) |uecV\W} (3.2)

o v e WIIXFL T, p(v) ZBHFT B LI pv) forve W
is not updated

YWweUCV\W, YueW
= p(v) = p(u) (3.3)
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Dijkstra jADIE LM

e RDATY T LT, vy ZERICEHETAR DIEEREZFHE T %,

Next, calculate the distance of the adjacent vertices from vs.

o COLE, v DEEREZEMT B LR,

The distance of v; is not updated.

o BHLI-DIF. v, DEERETH B
The distance of v, is updated.
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Dijkstra &M IE X%

fHRE 2

o URUW ICEBTBTERICIE. tBmh 5 DRIERENHS: The

vertices in U and W have the shortest path from the origin
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fE2HAIEL VL &: Proof of Lemma 2

o BRAENS. URVWICEYTRERAICIK. TOEST. I
RO S DRIEERDH D
From the construction, the vertices in U and WW have the
shortest path from the origin at every step.

o ucUld. EDBEVWREHARONSZEIZIERHIEFH = PHMRT
ulE WICAD. EDIEREHDFERE
The distance of a vertex u € U is updated whenever a new
shorter path is found. Eventually, u is added to W and its
distance is determined
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